We discuss a lattice QCD computation of the B-meson decay constants by the ETM collaboration where suitable ratios allow to reach the bottom quark sector by combining simulations around the charm-quark mass with an exactly known static limit. The different steps involved in this ratio method are discussed together with an account of the assessment of various systematic effects. A comparison of results from simulations with two and four flavour dynamical quarks is presented.
Introduction
Flavour physics is the place of election where probing the scale of possible extensions of the Standard Model (SM) can be carried out up to energies considerably larger than the ones that can be attained in present-day colliders such as the LHC. A detailed comparison of experimental results to theoretical expectations based solely on the SM is essential to determine its fundamental parameters. The study of the consistency of the determinations of SM parameters by using as many independent processes as possible provides a very stringent test of the theory in its present formulation. For this program to be successful non-perturbative QCD effects contributing to flavour physics processes must be accurately evaluated. In particular lattice QCD studies of hadronic matrix elements of weak operators are essential to test unitarity constraints in the first two rows of the CKM matrix.
Leptonic decays of B-mesons, B → τ ν, have been thoroughly studied at the B-factories. A reduction in the relative error on the branching fraction, from ∼ 20% to ∼ 5%, is expected to be reached by Belle-II. An improvement in the extraction of the CKM matrix element |V ub | would thus also profit from a more accurate lattice calculation of the B-meson decay constant, f B . Similarly, rare leptonic decays of neutral B-mesons are being studied by LHC experiments. CMS and LHCb have measured the branching fraction, B(B s → µ + µ − ), with a ∼ 25% relative precision. In this case, the lattice determinations of the B s -meson decay constant, f Bs , is an important ingredient in the SM prediction of this branching fraction.
The study of the b-quark sector on the lattice requires the development of a dedicated approach. The reason is that the b-quark mass, m b ∼ 4.2 GeV, is larger than the range of values of the UV cutoff -given by the inverse of the lattice spacing a -that can currently be probed in large-volume lattice QCD simulations, a −1 4 GeV. The condition, am b 1, needed to guarantee the convergence of an expansion in powers of the lattice spacing is therefore not fulfilled. This leads to uncontrolled systematic effects due to lattice artefacts. Several methods, relying to some extent on the use of effective theories, have been developed to address these difficulties (see Ref. [1] for a recent review of the various approaches).
In the following we will discuss the results of the determination of the B-meson decay constants with a method that is based on the construction -directly in QCD -of ratios of observables that are well behaved from the point of view of lattice artefacts and that have a precisely known static limit.
Approaching the b-quark sector through the ratio method
To illustrate the ratio method [2] , let us consider an observable, Ξ(m h ), depending on the heavy quark mass m h according to the scaling laws of heavy quark effective theory (HQET),
where Ξ stat refers to the observable in the static limit, m h → ∞. A well known example is,
where f h and M h are the heavy-light (h ) pseudoscalar meson decay constant and mass, respectively, depending on m h . By considering a geometric series of quark masses,
with a constant step, λ 1, and an initial condition, m
h ≈ m c , we can construct the following chain equation for Ξ,
= Ξ(m
where the ratio R(m
h ) is defined as follows,
In the example of eq. (4), we have assumed that λ has been tuned in order to reach the b-quark sector after K b steps. As we will see, this can be achieved by setting λ ≈ 1.18 and K b = 10 but the value of λ and the number of steps K b can be adapted to the availability of lattice data and to the target accuracy. On a lattice regularisation of QCD that is improved to remove the lattice artefacts of O(a), the leading discretisation effects on a quantity Ξ(m h ) involving heavy quarks are of O((am h ) 2 ). An advantage of considering the ratio R(m (5) is that those cutoff effects become of order (λ − 1)(am h ) 2 and are therefore significantly suppressed for λ 1. We stress that the continuum limit can be taken individually for each of the ratios R(m
The use of ratios allows to control the continuum limit extrapolation up values of m h that are higher than those attainable by the observable Ξ(m h ) alone. On currently accessible lattice ensembles, we observe that values of m h ≈ m b /2 can be reached, thus significantly reducing the gap towards the b-quark mass.
From eq. (1), one expects that the m h dependence of the ratios R(m
The fact that R(m h ) has a precisely known value in the static limit allows to transform the approach to the b-quark sector into an interpolation that is constrained by direct determinations up to m h ≈ m b /2. It is also interesting to note that since the 1/m h term in eq. (6) is suppressed by the factor (λ − 1) ≈ 1/5, it is in general expected that 1/m 2 h can also have a sizeable contribution to the ratios R(m h ).
The implementation of the ratio method can be summarised by the following four steps:
(i) Determination of the triggering point, Ξ(m
h ) in the r.h.s of eq. (4), through a direct calculation in the charm quark sector, m (ii) Calculation of the ratios R(m h that permits a proper control of the continuum-limit extrapolation of the ratio.
(iii) The previously computed ratios, R(m (i) h ), are used to reach the the b-quark sector through an interpolation using the expected scaling laws of HQET and the fact that the static limit is known, see eq. (6).
(iv) The last step is to apply the chain equation eq. (4) to determine Ξ(m b ).
The fact that the continuum limit is taken at each step of the ratio method, implies that it is a regularisation independent approach that can be used with any lattice QCD regularisation. The calculations are performed directly in QCD since the use of HQET only intervenes in guiding the interpolation to the b-quark sector * .
Another attractive aspect of the ratio method is that its computational cost is moderate since the computation of quark propagators -for the set of heavy quark masses -can be performed with a multi-mass inverter at the price of a single inversion in the charm sector. * The knowledge of both the matching to QCD and the running of HQET operators is used to improve this interpolation step. Perturbative or also non-perturbative HQET results can therefore be incorporated in the method. We refer to Ref. [17] for a discussion of the mixing of four-fermion operators. 
h ) at the triggering point, corresponding to the charm quark, µ
(1) h = µ c . The good compatibility among measurements at four values of the lattice spacing (denoted by the values of the inverse bare coupling β in the legend) indicates that this observable is not affected by large lattice artefacts. The result in the continuum limit (CL) and at the physical point is shown by the black empty circle [17] . (b) Similarly, we illustrate the case of the heavier quark mass, with n = 7, for which the ratioz s (µ
h ) is computed. We observe that the use of a ratio allows to control the continuum limit extrapolation up to heavy-quark masses, µ 
Determination of B-meson decay constants
This study is based on lattice QCD simulations performed by the ETM collaboration with N f = 2 [3, 4] and N f = 2 + 1 + 1 [5, 6] flavours of Wilson twisted mass fermions at maximal twist [7, 8] . Since the quark mass is given by the twisted mass parameter µ, in the following, we will denote the heavy quark mass by, µ h = m h , where the MS scheme at the scale 3 GeV is adopted. The set of available ensembles is illustrated in Fig. 1 , where the range of values of the lattice spacing a, the simulated pion masses M PS and the lattice size L are shown. A first account of simulations at the physical pion mass have been reported in Ref. [9] . ETMC has a dedicated project aiming at precise determinations of observables relevant for flavour physics involving light [10] [11] [12] [13] [14] [15] and heavy [2, [16] [17] [18] [19] [20] quarks.
The decay constant f Bs can be determined via the ratio method with various possible choices for the observable Ξ(µ h ). As an illustration we consider, Ξ(µ h ) = f hs √ M hs /C stat A (µ h ), but a detailed analysis of how other choices are used assess systematic effects was reported in Ref. [17] . The factor C stat A (µ h ) controls the matching between QCD and HQET and the running of the axial current in the effective theory. With this choice of Ξ(µ h ), the chain equation in eq. (4) can be written as follows, The blue curve shows a quadratic fit inspired by the HQET expansion which is constrained by the precisely known value in the static limit. The b-quark mass, denoted by the vertical line, is thus reached by an interpolation. A detailed study of the assessment of possible systematic effects was reported in Ref. [17] . (b) Light-quark mass dependence of the double ratio R f in eq. (8) [17] .
The first step of the ratio method is illustrated in Fig. 2(a) where the continuum and chiral extrapolations of f hs √ M hs at the triggering point is shown. The ratiosz s (µ
h ) are then extracted for i = 2, 3, . . . , n. Fig. 2(b) shows that lattice artefacts are under control up to n = 7, corresponding to the heaviest mass, µ (7) h ≈ 0.6 µ b . The interpolation of the ratiosz s (µ (i) h ) to the b-quark sector is presented in Fig. 3(a) . Based on eq. (6), a quadratic fit ansatz inspired by the HQET expansion is constrained to be equal to 1 in the static limit. The last step of the ratio method is to use the chain equation in eq. (7) to determine f Bs ≡ f hs (µ (10) h ). The ratio f Bs /f B can be determined with an observable, Ξ(µ h ) = R f (µ h ), defined through a double ratio, in the following way,
where f K and f π refer to the physical values of the kaon and pion decay constants, respectively. The chiral extrapolation of R f (µ h ) at the triggering point is shown in Fig. 3(b) . We refer to Ref. [17] for a complete description of the procedures used to determine the statistical and systematic uncertainties.
successive steps of the ratio method applied to R f (µ h ) are not significantly different than those shown in Figs. 2 and 3(a) and can be found in Ref. [17] .
The results for the decay constants in the N f = 2 case read [17] ,
The decomposition of the different contributions to the relative error are given in Table 1 . Preliminary results from N f = 2 + 1 + 1 simulations [18] ,
are compatible with the N f = 2 determinations in eq. (9) . This suggests that for these observables, sea-quark effects from strange and charm quarks are smaller than the present accuracy. A comparison of results from various recent lattice QCD determinations is shown in Fig. 4 .
Conclusions
Physical processes in the quark-flavour sector of the Standard Model can be used to put severe constraints on the parameter space of new physics models. Leptonic decays of Bmesons are a remarkable example of processes that are currently being constrained both from the experimental and the theory side. Lattice QCD calculations of the B-meson decay constants are needed to determine the SM predictions of these decay rates. We have described the results of a method that considers suitable ratios to constrain the approach to the b-quark sector. A comparison of various lattice determinations indicates that f B and f Bs can currently be determined with a few percent accuracy. No significant effects from strange and charm sea quarks can be observed at this level of precision. [17, 18, [21] [22] [23] [24] [25] of the decay constants f B and f Bs from simulations with N f = 2, N f = 2 + 1 and N f = 2 + 1 + 1 flavours of dynamical quarks. We refer to the recent reviews in Refs. [1, [26] [27] [28] [29] for more detailed accounts of these computations.
The ratio method has also been used for the determination of other observables in the bottom sector. These include the b-quark mass [2, [16] [17] [18] , B-mixing bag parameters for the complete basis of four-fermion operators [17] or the form factors of semi-leptonic Bdecays [30, 31] . It is interesting to note that preliminary studies with N f = 2 + 1 + 1 dynamical quarks indicate that an accuracy 2% can be achieved for the ratio of quark masses, m b /m c , via the ratio method [20] .
